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INTRODUCTION 


It  is  possible  to  evolve  a method  for  rapidly  estimating  helicopter 
rotor  induced  power  by  means  of  the  momentum  theory.  This  has  been  done 
and  is  well  documented  in  the  literature  on  rotary-wing  aircraft. 

However,  the  theory  requires  the  assumption  of  ideal  conditions  that 
are  not  fully  realizable  in  the  physical  world.  For  practical  applica- 
tion, the  theoretical  results  are  generally  modified  by  appropriate 
factors  that  lead  to  more  realistic  results.  The  usual  nature  and  mag- 
nitude of  those  modifying  factors  is  a product  of  logic,  intuition,  and 
empiricism. 

The  present  report  unifies  the  most  generally  accepted  modifying  fac- 
tors and  enlarges  on  some  of  them  to  provide  broader  applicability  over 
a helicopter's  flight  regime.  The  results  are  presented  in  a form  that 
enables  rapid  estimation  of  helicopter  rotor  induced  power.  The  following 
elements  of  the  method,  as  presented  in  this  report,  are  believed  to 
differ  from  earlier  published  approaches. 

a.  The  application  of  correlated  flight  test  data  on  the  thrust 
increase  in  ground  effect,  reference  1,  to  provide  an  indication  of 
ground  effect  on  induced  power  requirements. 

b.  The  effect  of  a trapezoidal  inflow  velocity  distribution  on 
the  induced  power  requirements  in  hover. 

c.  The  effect  of  a non-uniform  inflow  velocity  distribution  on  the 
induced  power  requirements  in  a vertical  climb. 
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.iniiliini  him  i 


d.  The  variation  with  forward  flight  velocity  of  the  effect  of  a 

non-uniform  Induced  velocity  dietrlbntion  on  the  induced  power  require 
ments. 
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DISCUSSION 


From  momentum  theory,  with  the  assumption  of  uniform  Inflow,  the 
Induced  power  requirement  of  a rotor,  out  of  ground  effect,  can  be  ex- 
pressed as  the  product  of  the  rotor  thrust  and  the  velocity  of  the 
flow  Induced  through  the  rotor, 

pia  " T «a  <D 

When  the  induced  flow  is  the  only  flow  through  the  rotor,  as  in  hover, 
the  induced  velocity  can  be  expressed  explicitly  as  a function  of  the 
rotor  thrust, 


ua 

* = / JpA 

(2) 

so  that 

. (Tf2 

(3) 

With  additional  velocity  through  the  rotor,  as  in  vertical  climb 
or  level  flight,  the  induced  velocity  is  not  explicitly  related  to  the 
rotor  thrust  alone.  However,  the  Induced  velocity  in  those  cases  can 
be  referred  to  an  equivalent  hover  value,  u - K ujj,  so  that  equation  (3) 
can  be  used  with  the  modifying  factor,  K.  Values  of  this  factor,  to 
be  used  for  the  cases  of  vertical  climb  and  level  flight,  are  derived  in 
the  following  sections. 

Experience  has  indicated  that  rotor  induced  velocity  distributions, 
rather  than  being  uniform,  are  more  nearly  triangular  in  shape,  with 
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maximum  values  near  the  rotor  tips.  An  expression  Is  derived  herein 
which  relates  the  Induced  power  requirement  in  hover  for  the  general 
case  of  a trapezoidal  Inflow  distribution  to  that  of  a uniform  inflow, 

. Equation  (3)  can  then  be  applied  with  the  appropriate 
value  of  this  factor. 

When  a rotor  is  close  to  the  ground,  Its  flow  pattern  no  longer  cor- 
responds to  that  assumed  for  the  momentum  theory.  Although  other  cheoretl 
cal  approaches  can  provide  reasonably  valid  Indications  of  ground  effect, 
the  complexities  of  the  flow  pattern,  and  viscous  effects,  limit  the 
validity  of  theory.  As  an  alternative,  experimental  data  can  be  used  to 
relate  the  Induced  power  required  in  ground  effect  to  that  required  out 
of  ground  effect,  Pr  * A A . In  a following  section,  the  results 
of  a recent  study  of  flight  test  data,  Reference  1,  are  used  to  determine 
appropriate  values  of 

The  above  three  factors,  combined  with  the  usual  rotor  tip  loss  factor 
B,  and  with  an  allowance  for  the  vertical  drag  of  the  body  surfaces  in  the 
rotor's  wake,  Dy,  in  the  form 

T ■ Fvd  v0  + VG  W 

can  be  applied  to  equation  (3)  to  derive  a general  expression  for  the  in- 
duced power  requirement  of  a helicopter, 

p * «A.*w  K (Fvd  wg)  3/2 
B y 2 ft  A ' 

Expressed  in  coefficient  form,  equation  (5)  becomes 
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(6) 


- iff-  ™ 


Vi 


GROUND  EFFECT,  A.  : 

Numerous  ground  effect  studies  have  been  made  with  both  model  scale 
and  full  scale  flight  articles  • There  are  disagreements  among  the 
results  as  presented  in  the  literature.  A recent  thorough  analysis  of 
flight  test  data  is  presented  in  Reference  1,  and  its  results  are  used 
in  the  present  report.  They  are  expressed  in  terms  of  a thrust  in- 
crease for  the  rotor  in  ground  effect,  rather  than  an  induced  power 
decrease.  An  error  analysis  was  used  in  Reference  1 to  account  for 
data  scatter,  and  led  to  the  relation 


i - - 

C^r)o6£ 


*//> 

v 'D 


(7) 


Since  (pT)00f  - ^r)r<ig.  , equation  (7)  can  be  rearranged  to  express  i? 

ft 


foot 

as  an  explicit  function  of 


(£t)iO£ 


and  Z/D, 


1- 


(8) 


1.099  f -.104 


A comparison  of  equation  (8)  with  the  earlier  empirical  work  of 
Reference  2 shows  good  agreement  between  the  two  for  values  of  Z/D 
greater  than  about  0.3  and  values  of  Ct/c  greater  than  about  0.06.  In 
general,  equation  (6)  is  more  conservative  than  Reference  2 at  lower 
values  of  Ct/t  and  more  optimistic  than  Reference  2 at  lower  values  of 


Z/D. 
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Equation  (8)  can  be  applied  to  the  induced  power  relation  by  noting 

V* 

that,  out  of  ground  effect,  Cp.  ~~  Cr  . The  sane  cannot  be  said 
for  the  rotor  in  ground  effect;  however,  for  the  sane  Induced  power 


coefficient. 


'‘rvs*-  \ * / 


Therefore,  the  power  ratio  for  the  case  of  equal  rotor  thrusts  is 

. _ / / '|3/S 


Equation  (9)  is  plotted  in  Figure  1 using  values  of  s? 
computed  by  mews  of  equation  (8)  for  a range  of  Z/D  and  The 

flight  test  data  on  which  the  preceding  is  based  are  limited  to  values 
of  Z/D  greater  than  0.28  and  values  of  Cr/r  in  the  range  of  0.05  to 
0.13.  Consequently,  values  of  J V.  outside  of  those  limits  in  Figure  1 
are  extrapolations  from  the  data  and  should  be  used  with  caution. 


NON-HOVERING  INFLOW  VELOCITY  FACTOR,  K; 

Vertical  Climb: 

For  a rotor  rising  vertically  at  a constant  velocity,  Pc  - Tc  (Vc  + uc), 
where  Tc  ■ 2 A uc  (Vc  + uc).  The  latter  equation  can  be  solved  for 
uc,  to  yield. 


r ’P»y*y(  ' 


Expressed  In  coefficient  form,  the  Induced  power  portion  of  the  total 
climb  power  required  is 


¥&) 

This  can  be  put  into  the  form 

= Jk. 

\ b /r 


(id 


where 


K - — - JL  Vc 

K Is  plotted  as  a function  of  in  Figure  2. 


(12) 


(13) 


Level  Flight 

For  a rotor  in  forward  flight  the  resultant  velocity  at  the  rotor 
(V+u) , is  generally  expressed  as  V # , where 


^ = J(V0C6*<x)  +()/0  atrial  - Uo)Z 

so  that 

Tc-  &£>/{  Y'u0 

in  contrast  with  the  hovering  case,  where 

Th  - 2pA  % 

The  corresponding  induced  power  expressions 


L4c 


and 


Pc'  ~1~H  UH 


(14) 


(15) 


(16) 
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can  be  combined  , so  that 


or 


!k  - l£.(^\ 

n„  ‘ r, 


From  equations  (15)  and  (16), 


IL  = /-^V- 
7:  v(  u‘ 


tuA 

* / 


If  we  assume  that  Td  ■ T^,  then 
or , calling 


Uc  - i' 

7i ***  > 

« H 


Ku  » 


(17) 


(18) 


(19) 


a-—  — , 

)j  (Vo  Ce&txf+tV* /**><*  ~ **h) 

Equation  (18)  can  be  rearranged,  see  Appendix  I,  as 

■jj-  - Ku  /uyi  cx  + -j^  \j  / — K a Ccs<'  °* 

Equation^)  has  been  used^o  prepare  a graph  of  Ku  as  a function  of 

Vo /UH  , Figure  3. 

The  effect  of  rotor  angles  of  attack  within  the  normal  range  is  seen  to 
be  very  slight.  Accordingly,  equation  (19)  could  be  reduced  to 


VrVK2  * 

with  no  significant  loss  of  accuracy. 


(20) 
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Ve 


can  express  equation  (17)  as  s /?  ftu  for  the  case  of 


Tu 


In  forward  flight,  Tc  / Tfl  in  general,  however,  if 


is  defined  as  the  induced  power  that  would  be  required  in  a hover  at  a 


thrust  level  of  Ta  , then  - Tc  u,  where 


M=  « 


so  that 


3/a 


and 


£ • * ^ 


(21) 


or 


P‘,  B fT 


Va. 


(22) 


for  the  general  case,  for  the  hovering  case,  Ku  - 1.0,  and  ■ Th  * Fvd 


NON-UNIFORM  INFLOW  FACTOR 


Hover: 


Reference  3 includes  a derivation  of  a factor  which  relates  the  in- 
duced velocity  for  a triangular  inflow  distribution  to  that  for  a uni- 
form distribution.  In  general,  such  a distribution  is  more  realistic 
than  the  uniform.  The  result  of  the  analysis  in  Reference  3,  in  terms 
of  induced  power  required  relative  to  that  required  with  a uniform  inflow 


in  hover,  is 


It  is  possible,  with  appropriate  combinations  of  rotor  blade  taper 
and  twist,  to  induce  rotor  Inflows  in  distributions  that  are  less 
severe  than  the  triangular.  To  allow  for  a rotor  inflow  distribution 
of  any  trapezoidal  form,  Appendix  II  presents  a derivation  of  the  value 
of  op  applicable  to  any  assumed  trapezoidal  shape  of  inflow  distribution. 
That  analysis  includes  the  uniform  and  triangular  distributions  as  two 
of  its  possible  cases.  Figure  4 is  a plot  of  op  ^ for  a hovering  rotor, 
as  a function  of  the  trapezoidal'  shape  factor,  £ , where 

^ ^/ut 


Vertical  Climb: 

The  non-uniform  inflow  factor,  op  , can  be  computed  for  a rotor  climbing 
vertically,  in  the  same  manner  as  was  done  in  Appendix  II,  for  the  hovering 
case.  The  result  of  such  an  analysis,  for  an  assumed  triangular  inflow 
distribution,  is  shown  in  Appendix  III,  where  op  is  expressed  as  a function 
of  Vc/uyt  the  ratio  of  the  vertical  climb  velocity  to  the  ideal  induced 
velocity  for  hover  at  the  same  thrust.  The  result  is  also  plotted  in 
Figure  III-l.  The  same  can  be  done  for  a climbing  rotor  with  an  assumed 
generalized  trapezoidal  inflow  distribution.  However,  as  shown  by 
Figure  IIIjl,  the  effect  of  vertical  climb  on  op  for  a triangular  inflow 
distribution  is  small,  and  since  that  is  the  trapezoidal  shape  that 
will  experience  the  greatest  changes  in  op  due  to  the  superposition  of 
a climbing  velocity,  the  more  involved  algebra  of  the  generalized 
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trapezoidal  inflow  assumption  is  not  warranted.  It  is  assumed,  as  a 


[ 

f 


i 


v 


consequence  of  this  study,  that  the  effect  of  vertical  climb  on  is 
of  second  order  and  does  not  merit  consideration  in  the  rapid  estimation 
method  contemplated  here. 


Level  Flight ; 

In  forward  flight,  the  induced  velocity  becomes  a decreasingly  sig- 
nificant portion  of  the  flow  through  the  rotor  as  the  forward  velocity 
increases.  The  induced  power,  expressed  as  an  induced  drag,  has  been 
shown  to  approach  that  of  a circular  wing.  Ref.  4;  i.e., 


(23) 


at  low  speeds,  and 

(f).-  - $■ 

at  high  speeds. 

This  behavior  can  be  used  to  postulate  a variation  of  the  non- 
uniform  inflow  velocity  factor,  ^7  , with  forward  speed. 

In  Appendix  IV,  using  Glauert's  method.  Reference  5,  it  is  shown 
that,  for  a circular  wing,  where 


(24) 


(25) 


(1  +S) 


1.038.  This,  then,  is  a measure  of  the  non-uniformity  of  the 
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dovnwash  at  a circular  wing.  For  the  case  of  a rotor,  /jp  can  be  assumed 
to  vary  from  its  value  in  hover;  t ~ • , 1.131,  to  a value  of  1.038  at 
high  speed.  A transition  between  the^e  two  values  can  be  derived  as 
follows:  Since  o<  is  generally  small,  coso<«1.0,  and  equation  (23) 

can  be  expressed  as 


Then,  for  &&)  approaching  1.0,  (%)  £ approaches  , 


Now,  using  the  previous  derived  expression  for  , 

UH 


(20) 


so  that  (**%)•  P-4?  , and  Figure  3,  we  can  obtain  Figure  5. 

approaches  1.0  asymptotically,  but  for  practical  purposes 
can  be  assumed  to  reach  that  value  when  Vo  - 2.0.  The  variation  of 


% 


with  vo  can  be  assumed  to  follow  the  seme  pattern  as  Figure  5,  Examples 
using  various  possible  values  of<Fpjj,  are  shown  in  Figure  6. 
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RECOMMENDED  ESTIMATION  PROCEDURE: 

The  preceding  discussion  is  sunnarized  here  in  a set  of 
procedures  and  equations  recommended  for  estimation  purposes. 


Given;  Aircraft  gross  weight,  rotor  geometry,  and  rotor  RPM. 


Hover; 


(1)  Determine  T, 


'J/^'from 


■ fa  Wj ^ r.it 

V icpfaR)'* 

(2)  For  desired  rotor  height,  Z/D,  and  cy£,  as  computed  in 
Step  (1),  determine  from  Figure  1 whether  rotor  is  in  or  out  of  ground 
effect. 


(3)  For  hover  out  of  ground  effect 


ep, , (CtT 

1 ft's  i J 

or  jn  = J&L-  fa)  We)  _ 

**  /T  sso  a {f/t ' 

where  may  be  selected  from  Figure  4. 
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(4)  For  hover  In  ground  effect  # 


where  may  be  selected  from  Figure  4, 
and  JL  Is  taken  from  Figure  1. 


Vertical  Climb; 

For  vertical  climb,  at  a given  climb  velocity,  V , and  thrust,  T , 

c c 


Obtain  corresponding  value  of  Kc  from  Figure  2. 


or 


(r 
C r) 

1 /r  sso  8 ffT 


where  the  value  of  selected  from  Figure  4 can  be  used  as  . If 
desired,  the  methods  of  Appendices  II  and  III  can  be  followed  to  derive 


a more  precise  value  of 


Forward  Flight : 


For  forward  flight,  at  a given  velocity,  Ve  , and  thrust,  T#  , 


Obtain  corresponding  values  of  Ky  from  Figure  3.  and  from  Figure  6. 


The  above  equations  require  values  of  B and  Fvd  for  their  solution.  For 
rapid  approximation  purposes,  and  the  case  of  a conventional  single  rotor 
helicopter,  the  values  recommended  here  are 

B - 0.97  Fvd  - 1.05 


Notes: 

1.  The  same  vertical  drag  factor  is  suggested  for  vertical  climb 
as  for  hover  since  vertical  velocity  will  normally  be  small  compared 
to  u. 

2.  The  assumption  that  will  remain  unchanged  in  the  presence 
of  the  ground,  implied  in  the  recommendation  of  from  Figure  4 
for  hover  in  ground  effect,  admittedly  still  requires  justification. 
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APPENDIX  A 


Induced  Velocity  Factor  For  Forward  Flight 


Ka  = 


"JL- 


or 


]/(V*  Ufff' 

/ 

K (^~)  **** + ( **■*-«•«*&  + 1C? 


L- 


* K = 

* • *■ 


/ 


so 


or 


“L  tty)  % of  “ / - O 

( ~u^)  ~ ( ~u#)  2 ***  °<  + Ku  ~-j£z~0 

^ - *■  -#■  .//*  ! ^ z/  3_«_  / 

~~  V *n  xutf  of  ~a^  ^ ^ a 


= ***i  <* 


and,  for  forward  flight, 

K 
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APPENDIX  B 

NON-UN IFOHM  INFLOW  FACTOR  IN  HOVER 
AS  A FUNCTION  OF  TRAPEZOIDAL  INFLOW  DISTRIBUTION 


Tfr-'- 


Inflow  velocity  at  any  radial  station  Is 


Up-*  + 'jg- (ctr- 


Ut:  U.  = $UT 


ur  * uT  [s*  -fro-.*)] 

NOW  e/r=  £>  (2irr</r)  Ur  (Z  Ur)  * 4n £>  r Hr  Sr 
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so  that,  from  eq.  (III-2), 

t ■ ri + -"*r  </ $-+  %"*•) 

Now,  for  uniform  inflow  at  the  rotor. 


4 = +2?/ey«(!l  (rt+«ca) 


From  eqs.  (III-3)  and  (10), 
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APPENDIX  D 

INDUCED  DRAG  OF  A CIRCULAR  WING 


The  general  expression  for  the  Induced  drag  coefficient  of  a wing, 


from  Reference  5, 


Cp^  ~ 


(i+i) 


or 


Ql.  Qi-  = iL  0+S) 

L - CL  V/Rk  ‘ 


reduces  to 


fl,  £ (!+t) 

for  a circular  wing,  where  /)?=  4/fr. 

In  Ref.  5 a solution  Is  developed  in  the  form 

where,  in  general, 

^ A^t  aAh  yj0  0 ) ^ Of  sovri  0 (iV-  /) 

and,  for  a circular  wing, 

, 4o  / C \ 

4 ( D J 


If  we  express  Eq.  (IV-1)  as, 


>07 


A*n  ^7 


0 + /o*rt  0^  pltyi  0 


(IV-2) 


or  ’ ' ' /"  ‘ 

and  retain  the  first  four  coefficients  (odd  integral  values  of  >n  only) 


we  can  satisfy  the  equation  at  the  four  points,, 
9 = 22  1/2°,  45°,  67  1/2°,  90°. 
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For  a circular  wing 

i *//-(%)' 


Then 


% 

22  1/2° 

.924 

.383 

45° 

.707 

.707 

67  1/2° 

.383 

.924 

90° 

0 

1.0 

Solution  of  Eq.  (IV-2)  for  the  four  selected  points  leads  to 


For  2^ 

/+cf=  /.038 


SYMBOLS 


Rotor  disk  area , , square  feet 

Rotor  tip-loss  factor 
Nuober  of  blades  per  rotor 
Lift  coefficient,  L/ift'A 
Power  coefficient,  p/e  Am? 

Thrust  coefficient,  r/f>A(ClR) 

Blade-section  chord,  feet 
Rotor  diameter,  feet 
Vertical  drag,  pounds 

Hovering  vertical  drag  factor,  (Wc+Dy^W G 
Horsepower 

Non-hovering  inflow-velocity  factor,  U/UH 
Induced  velocity  factor  for  forward  flight,  “o/^ 
Induced  velocity  factor  for  vertical  climb,  Uc/UH 
Lift,  pounds 

Power,  foot-pounds/second 
Rotor  radius , feet 
Thrust,  pounds 

Induced  rotor  inflow  velocity,  feet/second 
Velocity,  feet /second 

Resultant  velocity  at  rotor,  feet/second 
Gross  weight,  pounds 
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D. 


Rotor  height  above  ground,  feet 
Rotor  angle  of  attack,  radians 
Induced  power  coefficient  ratio, 

Man-Uni  for/*  Inf  fort 

«*)-  , v / 

Induced  horsepower  ratio,  ( ^U^r./OP\CiT 
Thrust  coefficient  ratio,  ^rh&e/CC i)OG-  i 
also,  Rotor  inflow-ratio,  (V# sinoc-  u)/AR 
Rotor  tip-speed  ratio,  V0cos«//1R 
Trapezoidal  inflow  velocity  distribution  parameter. 
Mass  density  of  air,  slugs/cubic  foot 

Rotor  solidity,  _Ji£_ 

fTR 

Rotor  angular  velocity,  radians/second 
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SUBSCRIPTS: 

At  rotor  hub 
Vertical  climb 
Hover 
Induced 

In  ground  effect 
Forward  flight 
Out  of  ground  effect 
At  rotor  tip 

Triangular  inflow  distribution 
Uniform  inflow  distribution 


33 


